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XXVI. A new Method of finding the equal Roots of an Equation, by
Diwvifion. By the Rev. John Hellins, Curate of Con-
ftantine, #n Cornwall; communicated by Nevil Mafkelyne,

D. D. F. R. S. and Afironomer Royal,

Read June 20, 1782.

HE following theorems are a production of juvenile

years. They were invented about twelve years ago,
when algebra was my favourite ftudy ; and one of them (the
firft) was publifhed as a {pecimen of this method of extralting
“the equal roots of an equation about ten years ago. Since that
time my avocations have left me but very little leifure for im-
proving any invention of this kind. Thefe theorems, then,
are in their crude ftate; however, fuch as they are, I flatter
my{elf, they will afford an eafier folution of equations that have
equal roots than is generally known, and be acceptable to the

ingenious algebraift.

THE OREM I

IF the cubic equation x° — px* 4 gx — r =0 has two equal roots,
g g q ;

cach of them will be (v) =L2IZ9 .
4 ( 2pp—0g

DPEMONSTRATION,
Call the three roots 4, 7, and &; then, by the compofition
of equations we fhall have x* ¢} " 427, 3% — aab = 0, where
Vor. LXXII. 1ii s
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204b=p;, aa+2ab=gq, and asb=r; which values being
o : or 4 R Vil e

written in. our theorem, we. have « ( - 2pp__6g/ h

2naa + daab -+ aab -+ 2abh—9aad _ 2eaa— qaab - 2abb - .. D
Sua+ Bab+20b—0aa—12ah = 24a~4ab--2bb = "{5: e

EXAMPLE I

 If the equation &’ + 54" — 324 436 =0 has two equal roets,
it 1s propofed to find them by theabove theorem. .
Here p= .~ 3, ¢g= ~32, and r= —36; thefe. values being
. : —-5><——32—-9><——36 160-(-324.
written in the theorem, we have S Prie ry Sios.

;‘28;}_2, which. being written for x, the equation becomes .

8+20—-64+36, which is evidently =o; confequently 2 and 2
are roots of  it., )

Otherwife, 2, the value of » given by the theorem, being
written for it in the quadratic equation 3%* 4 10x —32 =0, the
refult is 12 + 20 — 32 =0. \ |

Or, dividing the ngen cubic by the quadratic 727, we.
have &* — 4%+ 4) &° -+ 5%" =324 +30 (v+9 ;5 therefore the three, -

roots are 2, 2, and —og,
E.X A:M PLE. IL
1042 _ 4000 _ . . - »
Given # R ey, = 9-anequation. which has equal roots,
to find the*n.

Here ¢ =0, and the theorem gives —30000x49 . ~ =22, which

200 x 9261 21
value bemg written for x the equatign vanithes.

TH.E0 R.E M
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THEOREM H

If the biquadratic -equation x* = px* 3qu* —rx 4-5=0 has two
127 ~—2 L pr—10s ~_ 4B—2 T Ty
Fh B= 5wy C=ixa gy @ D
| 47\&?;;’ and you will have x= 2}3

A fynthetical demonftration of this theorem would be very
long: the INVEsTIGATION is as follows.

It has been demonftrated by the writérs on algebra, that, if
a biquadratic equation, as x*—pa’4gx*=rx4+s5s=o0, has two
equal roots, one of them may be had from the equation
4x° = 3px" 4 2gqv —r=o. Multiply this equation by x, and the
original one by 4, and take the difference of the two, which will
be px* — 29%* + gre— 4s=o. Again, if this equation be multi-
plied by 4, and the other cubic by j and their difference taken,

we ﬂnli have 3pp 89><x +lzr-ng><x+pr—16.r~°o, of

equal roots, make A =

2 2]79 pr—16s
X - =0, or #*+Ax+B=o, putting A and
+: 31>p 8 Tty O > puthing

B for the known quantities in the fecond and third terms. Now
multiply this equation by 4%, and take the firft cubic from it,

and we tfhall have 4A+3p x4+ 4B~ 27 x #4r= o, which
being divided by 4A + 305 and C and D put equal to
4B—2g an -
4A+3p 484 3p
this equation being taken from the other quadratic, there remains
A-Cxx2+4+B~D=oj confequently x = —:—g' R E. L

refpeéhvely, gives &” - Cx +D=o0; and

COROLLARY 1. From the above inveftigation it appears, that
one of the equal roots may alfo be obtained from either of -théfe
two quadratic equations, of which the firft feems moft cligible,

Tiiaz as
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as the co-efficients of it are lefs cémplex than thofe of the

other:

3pp— 8¢ x ¥+ 127 — 2pg X x+pf——- 165 =0,
and 4A+3px &’ +4B-2gxx4+r=0. And

when p=o, become —8¢+*+127% ~165=0,

thE{C;

487"2 64.5 —
and .87x +--zgxx+; 0,

ar x ‘——~-x+—~=o
29 4

and #* + U4y - 1 =0,
37 6

coroL. 2. If both p and ¢ vanifh, then, from either of the
quadrmcs we get x—»——, perfeitly agreeing with the cubic

P’ —2gx"  3rx— 45 = o, which, whenp and-g vanith, becomes
grx—45=0. And this equation is of ufe; becaufe, in this
cafe, the theorem fails, one of the divifors being =o.

coroL. 3. From the equation 4#° — 3p4* + 2% — r = 0, which,,
when p and ¢ vanith, becomes 4¥°—r=o, we alfo get
x= V 2 s another.expreffion.of the fame value of x..

COROL. 4. When r=o0, D=o, and from the equation
2+ Cx+D=o0, we have x =~ C,

EXAMPLE L
If the equation #*% - 94" + 4% 412 =.0 has equal roots, itis
propofed to find them,
Here
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Here p=o0, g= -9, r= -4, and s=12; and

Abecoxnes—ﬁ;i-:f,.
~8x—-9 3
: «—zéx-rz -8
R
c _AXTHE g
. o :2 —'""4"5)
4 X % ,
——4 3
D ° & —3‘-‘:;,,
3
8" "
and D-B %+-3- _ 18432 =50,
A_c~—3z+141“—~8+33‘“£§“ ’

which being written for #, the equation becomes. 16 — 36+8
+12=0; therefore 2 1s one of the roots.
The fame value of x¥ may be difcovered from either of the
quadratic equations mentioned in corollary 1. ‘The proper values
of the co-efficients being written in-the firft:of them, it becomes

X" - -3-x - g- =0, where one value of & is = +;/25 2. ‘The
other quadratic becomes #* =--~%I X +\=;’. =0, one of whofe roots is-
425

8 —10

EXAMPLE H.

It being known that the equation #* ~ %' — 7’ + 13x — 6 =0
has two equal roots, to find them.

Here p=1, ¢= -7, r= ~13, and s=~6; and A=
—42 p_ 83 C__—-1158 D= 767 D- 12800

59. 77T 59° 391 391’ B"23009 A-C=
D—B
'a'-gg%;,- o -:—-z—gggz 1, one of the roots fought.

The



422 M, uELLINS's Method of finding the
The fame value of x may be found from either of the two
general quadratic equations given in corollary 1. From the:

firft of them we get one-‘value of x:= W-—-—-;%—’-‘»“: 1. And from

Mi’ which is alfo== 1.

the other, one value =
391

EXAMPLE TIL

Given the equation x*—~ L x+_36_:o, in which two values
2 1
of x are equal to each other, tofind them.

By corollary 2. we have x = %(6_3"3‘5'{ =5 _;: By corol. 3.

2 10
xiS"*-i/I“’
; g8 2

THEOREM IIL

If the furjolid equation &° — px* 4 qa° = ra* 4-sx — t =0 bas twe

roots equal to each other, and you make A = 3L =304 B 207207
4pp—109° 4pp—10¢
C=2t p=-3 p=5Ct> p_ ¢ =3==
‘C‘w—'lo’q’ sA+4p’ E 5A+4p° ¥ 5A+4p° G=3=5>
‘H—§+S, Izgt—g, and K:A_-:C"G’ then Jfhall one of the equal
H-K

values of % be=—z-
The inveftigation of this theorem being altogether fimilar to
that of the laft, it 1s unneceffary to give it here,

- The difference of equations being taken as in the inveftiga-
tion of theorem I it will appear, that one of the equal roots
may al{o be had from any one of the following five equations, of
which fometimes one, fometimes another, will be the moft
eligible,

1 X
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1. §at —4px’ + 394" = 2rx +5= 0.

2, px* —2q%° 4375 ~45x 4 5¢=0..

3. ¥’ +Ax"+Br+C=o.

4. 8+ D' +Ex-F=o0,

5. "+ Gyr+H=o0.

It is obvious, that, when p vanithes, the work will be con-
{iderably fhortened ;- and when both p and ¢ are wanting,
though the above formula fails, yet the equal root may be eafily
obtained from the equation pi*—2gx*+ 372" —4s58+5t=o0,
which in. that cafe becomes. 37x” ~ 45x + 5¢=0. Whenever
s is wanting, F, in the fecond cubic above, will be = o, and
confequently # may be found from - the quadratic equation
x*+Dx+E=o0. Butin any of thefe cafes the equal root may
be found by divifion. However, the operation probably will not,
in general, be fo. fhort as extralting the root of the quadratic; I
will therefore haften to give an example.or two.of the ufe of
the theorem.

EXAMPLE I

Given #° +#%° —+" £0'09433 =0, to find x, two-values of it
being equal to each other.
Here p=o0, g=1, r=1, §=0, = — 009433, and ‘we get

A=-15 F=o

B =o G= -o02231
C = 402358 H=-o0r1241
D= +o04 I = -o00972
E = ~04238 K= -018;

H-K
and ¥ =—g =0, 48,

"The.proper values of the co-cfficients being written in the

five equations before mentioned; and fome of .them divided by
the:
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the co-efficient of the higheft power of x, we have thefe four
equations, in each of which-one-value of x'is one of the equal
ones fought :

¥ % 400x —~04=0.

x—154"% +02358=0.

* +o4x—o0'4238 =o.

X"~ 0'2231X— 01241 =0.

Now the moft eligible equation ‘is'the quadratic ‘" + o*4¥
04238 = o, whofe affirmative root is /0°4638] —~0'2=0°4811,
agreeing with the value of x found above, but-true to two
places lower in“the decimal.

EXAMPLE IL

“To find the two equal -values of x.in the equation
64x° — 202" + 3=.0.

The given equation 'being divided by 64, we have
X —0'3125%"+0°046875=0; and then, from the firft of the
five equations given above, ‘we get sx*—o0'625¢=0, and ¥ =
Jo'125=05. -But from the fecond of the equations juft

2
A

mentioned, we have 0'9375x* ~0°234375 =0, or a'=
2234375 — 6-25,-and x= (/0'25 = O'S.
©0'9375 5 Vozs =05
From the foregoing. few spages it is evident, that rules may
‘be made for finding the equal roots of :equations of more than
five dimenfions by -divifion ; but the operations by them will,
in moft cafes, be long and tedious. It is obvious, however,
that {uch equations may be deprefled to any dimenfion the alge-
braift pleafes.
It has indeed been‘{uppofed, that the number of equations

that have equal roots is'but fmall, and, confequently, that the
chief
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chief ufc of the rules for finding their roots is to get limits
and approximations to the roots of equations in general. ‘That
ufe, 1t muft be allowed, were it the only one, is {ufficient to
pay for ‘inveftigating them. But if the equations’ that have
equal roots thould hereafter be found not fo few as has been
gencrally received, then the ufe of the above- theorems. will
become more extenfive.

I beg leave to-add, that this (hort effay is but a fmall part of
a work, in which, if 1 thould ever have leifure to put a finith-
ing hand to it, fomething more on. this fubjet may very pro-
bably appear. In the mean while, I hope, this little piece wilk
be candidly received by thofe who have more leifure and. betten
abilities: for ftudies of this kind.

Conftantine,
February g, 1782,

Vor. LXXIL Kk E



